The complicated pulsed generation regimes of a CW-pumped superradiant semiconductor laser are analyzed via the dynamical spectra of the dipole optical oscillations of active centers. This novel approach appears to be more informative than the standard analysis of the dynamical spectra of laser emission if a dipole relaxation rate is less than a cavity relaxation rate. The advantages of the method are demonstrated for a number of superradiant lasing regimes on the basis of the numerical solution to 1D Maxwell-Bloch equations for a two-level active medium in a low-Q cavity within one-dimensional approximation.
Introduction
As shown in the recent review [1] , the experimental evidences of a super-fluorescence (collective spontaneous emission under a pulsed pumping) give prospects for the creation of the superradiant heterolasers with continuous-wave (CW) incoherent pumping. As is well-known, in this class of lasers, the superradiance condition reads 2 is the growth rate of the most unstable hot mode, = √2 2 21 0 Γ/( 0 ℏ) the cooperative frequency,̄the population inversion (normalized to unity) of the active centers averaged over a cavity, 0 their density, a photon lifetime for a given cavity mode, Γ the mode-filling factor, 0 the dielectric (real) permittivity of a background medium (matrix), 21 the central frequency of a spectral line of active centers, their dipole transition moment, 2/ 2 and 2/ * 2 the homogeneous and inhomogeneous line broadening (see also [2, 3] ). The superradiant lasing is expected to be non-stationary and defined mainly by the dynamics of a polarization of an active medium, because a necessary condition for the superradiance to occur is that a lifetime of a photon in a cavity is shorter than that of the polarization of active centers. Hence, it is suggestive to use a dynamical spectrum of polarization for the analysis of the generation regimes of a superradiant laser. We will show, for the first time to our knowledge, that this approach makes it possible a deeper physical insight into the nonlinear mode coupling and interaction of various groups of active centers.
In this way, we can essentially enrich the analysis of the superradiant lasing regimes that was based previously on the studies of the dynamical spectra of the population inversion and output emission as well as on the use of the empirical modes with a variable spatial-temporal or spectral-temporal structure [4] [5] [6] [7] .
Let us illustrate the advantages of the proposed approach on the basis of the well-known semiclassical two-level model of an active medium and one-dimensional model of wave propagation in a cavity (see [2, 7, 8] and references therein). Namely, let us use the semiclassical Maxwell-Bloch equations for the complex amplitudes,
, of counterpropagating waves of the electric field
the complex amplitudes, ± (Δ) = ± ( , , Δ) / ( 0) , of the polarization spectral density of active centers (it is related via the normalization to a current dipole moment of an individual active center)
and the smooth, , and grating, , components of the population inversion spectral
We take into account the inhomogeneous broadening of the spectral line and describe its normalized profile with a Lorentzian The one-dimensional integro-differential semiclassical equations of the spatialtemporal dynamics of the superradiant laser may be written out in the form [1, 5] [ / ± / ] ± = ( * )
where * denotes complex conjugation and a superscript (*) means no superscript for the upper sign and complex conjugation for the lower sign in the terms with ∓ factors.
Here, the following dimensionless quantities are introduced: 
Active Medium with a Homogeneous Broadening of Spectral Line in a Fabry-Perot Cavity
Let us consider the case of an active medium with a weak inhomogeneous broadening of spectral line, Δ 0 << Γ 2 , placed in a symmetric low-Q Fabry-Perot (FP) cavity with the equal reflection factors of the end mirrors, 1 = 2 = . We choose some particular laser parameters, listed in Figure 1 caption, which allow us to compare an initial pulse of strong superfluorescence, the transient pulses of moderate superradiance, and a subsequent weak quasi-stationary lasing under CW pumping, = 1.
The first superfluorescence pulse (very similar for both output ends of the laser) is associated with a resonant symmetric electromagnetic mode, takes place due to an initial inversion, ( = 0) = , appears with an essential delay, ≈ 23, has a very short duration, δτ << T ≈2 << T 2 , does not depend on a weak pumping rate, Γ 1 = −1 1 , and shows a wide symmetric smooth spectrum occupying detunings |Δ| < 1 for both the polarization and the field at a laser facet. During the pulse, all active centers behave similar to each other, cooperatively, independently on their partial frequencies. After the pulse, a population of the upper energy level is almost completely exhausted (the inversion of active centers becomes close to -1 everywhere except the cavity center), and a self-consistent nonlinear transient dynamics of the center's ensemble and the field modes in a cavity starts only after a delay time of the order of the inverse pumping rate [7] , 1 = 100. In accord with the Kotelnikov-Nyquist-Shannon theorem, even a total spectrum of the field, taken for the whole transient period 75-300 and shown in Figure 1d , is rather rude and does not include the details of the asymmetry.
The dynamical spectral asymmetry is formed due to a quite strong inversion grating owing to the beating of the counterpropagating waves. At the time > 300 this grating becomes quasi-stationary and occupies mainly one half of a cavity in the vicinity of one end (left or right, see Figure 1e ), so that there happens a spontaneous symmetry breaking of the field ( Figure 1f ) and polarization, and the amplitudes of output field at the opposite ends of the laser become different (see Figure 1a) . The amplitude profiles of the counterpropagating waves in a cavity preserve their forms and oscillate slightly as a whole with a period ≈ 160. The optical dipoles of active centers follow this quasi-adiabatic dynamics almost independently on their frequencies within a narrow inhomogeneously broadened line (Figure 1g ).
Active Medium with a Homogeneous Broadening of Spectral Line in a DFB Cavity
All described three stages -initial superfluorecsence, transient superradiance, and developed lasing -change completely if the same active medium under the same pumping is placed in a DFB cavity of the same quality (the same photon lifetime, = 2) for the main high-Q modes. In this case, the spontaneous symmetry breaking occurs from the very beginning because, contrary to the resonant one mode superfluorescence in a FP cavity, there are two equally important hot modes (with opposite frequency detunings Δ ≈ ±0.2) and their superfluorescent and subsequent superradiant behavior is strongly affected by initial (random) difference between their phases [5] .
The superfluorescence pulses at the left and right laser facets become essentially at each laser facet is governed by the fields of both superradiant modes, though its response has an inertial character due to the finite lifetime 2 .
Note that the population inversion is modulated more sharply and deeper at the facets than at the center part of the laser, and the pumping makes growing the inversion monotonously everywhere in the cavity on a timescale 1 = 100. During a transient period of time 200-1200, an average inversion becomes positive and high enough (though not close to + 1) so that several moderate pulses of mode superradiance with a duration about 20-50, that is, less than 2 , are emitted irregularly (see Figure 3a) . Due to the mode competition, this transient superradiant phase takes longer time than that in the case of FP cavity (cf. Figure 1a) and transforms smoothly to the developed lasing phase of quasi-periodic emission of mode superradiant pulses.
The intervals between short pulses of superradiant lasing vary from 50 to 150, demonstrating an average period a bit greater than 100, and both the pulse durations and amplitudes vary in a couple of times from pulse to pulse (Figure 3a) . that an inversion grating of an active medium is irregular, weak on average and does not influence much the coupling of waves and the lasing dynamics. As a result, the spontaneous symmetry breaking is clearly present during each superradiant pulse, but strongly suppressed on averaging over many pulses. The frequency asymmetry (with respect to Δ = 0) of the dynamical spectrum of field may exist during emission of several pulses (Figure 3b ), but disappears for the long-term periods of time. However, the dynamical spectrum of polarization (and the corresponding field) in a narrow spectral line of an active medium, Δ < 2Δ 0 = 0.01, is almost symmetric (see Figure   3c ). The spectral asymmetry of lasing may be important in the case of a strong inhomogeneous broadening of spectral line which is considered in the rest part of the article. 
Active Medium with an Inhomogeneous Broadening of Spectral Line in a Combined DFB-FP Cavity with Symmetric Modes
In the case of superradiant lasers with a strong inhomogeneous broadening of spectral line exceeding the cooperative frequency, when Δ 0 >> 1 > −1 >> −1 2 , there are at least five qualitatively different operation regimes of lasing: quasi-stationary, selfmodulation, regular pulsed, irregular pulsed with quasiperiodic pulse trains, and quasistochastic [1, 4, 5] . Which regime occurs and how it looks like depend on a cavity length , the pumping level and rate 1 , and a spectrum of lasing modes. In the second case, = 6, the lasing proceed above a so-called superradiant threshold, namely, the laser generates a sequence of phased-in pairs of oscillating mode superradiant pulses (Figure 5a ). This sequence is almost periodic, and an average period (≈ 230) is equal to a time interval it takes the pumping to restore an inversion level required for superradiance (Figure 5a, b) . After each pulse the inversion becomes negative for a while in the two mode spectral channels due to generation of strong coherent fields in these channels (Figure 5c ), in accord with the energy conservation law. As is clearly seen from the dynamical spectrum of polarization (which is related to the dynamical spectrum of inversion via the Bloch-vector conservation law), the simultaneous superradiant pulses of the two neighboring lasing modes are coherently coupled by means of the spectral tails of each pulse (Figure 5d ), although a spectral width of each pulse (∼ 0.2) is approximately four times less than the distance between modes. Also, the dynamical spectrum of polarization makes it possible to resolve fine spectral structure of each mode superradiant pulse, because this spectrum is calculated straightforward and does not require a special computer Fourier analysis needed for evaluating the field dynamical spectrum. Note, that in this case (and in the next two cases of sections 5, 6 as well) there is a short-term spontaneous symmetry breaking of the spatial profiles of field and polarization similar to that described in the previous sections.
Active Medium with an Inhomogeneous Broadening of Spectral Line in a Combined DFB-FP Cavity with Asymmetric Modes
To give a typical example of superradiant lasing in the case of asymmetric spectrum of modes, let us take real values, i.e., with zero phases, of both (equal) mirror reflection factors in a combined DFB-FP cavity considered in the previous section. Then, according
to Figure 6 , the lasing regime is again quasiperiodic (with an average period ≈ 200), but now it is formed by one wide-band superradiant mode and four narrow-band quasistationary modes modulated by the first one.
Note that to make the amplitudes of these four quasi-stationary lasing modes higher, we choose longer the cavity length as compared with the previous case shown in Figure 5 , namely, = 7 instead of = 6. The dynamical spectrum of polarization (Figure 6c ) follows well the fine structure of modes and visualizes their interference. In particular, one can resolve an intermode coupling happen at the times when the superradiant pulses are emitted as well as the Rabi splitting of the most strong superradiant mode, which is also seen on the dynamical spectra of a population inversion ( Figure 6d ) and an inversion grating (Figure 6e ). 
Active Medium with a Strong Inhomogeneous Broadening of Spectral Line in a Combined DFB-FP Cavity with Asymmetric Modes
In the case of a strong inhomogeneous broadening, when a DFB-FP cavity provides a number of quasi-equidistant quasi-stationary lasing modes, there is a spectacular effect of the partial self-locking of these modes in the presence of one or more pulsed superradiant modes [5] [6] [7] . This effect takes place in a broad range of laser parameters in the absence of both the external modulation of its properties and any absorbers commonly employed for achieving a mode-locked regime of lasing a quasi-regular train of radiation pulses with durations shorter than the relaxation times of the population of energy levels and polarization of the active medium (cf., e.g. [8, 9] ). The effect exists due to the superradiant pulses of modes with the highest growth rates which follow quasi-periodically with the period close to the pumping time, by means of the technique based on the spatial-temporal and/or spectral-temporal complex empirical orthogonal functions [6] evaluated from the polarization dynamics.
Summary
The examples considered demonstrate that the spatial-temporal dynamics of CW superradiant lasing in the dense ensembles of active centers with slow relaxation rate of dipole oscillations is extremely rich and may result in complicated, though quite regular spectral-temporal patterns of emission, with many potential applications in the dynamical spectroscopy and information processing. The analysis of the dynamical spectra of polarization of an active medium along with the dynamical spectra of electromagnetic field and population inversion allows one to describe in detail various regimes of the low-Q superradiant lasers, to find optimal conditions for the pulsed operation, and to give qualitative explanations of the major features of lasing processes. All these benefits are very important for managing the time profile, the correlation features, and the spectral properties of the generated radiation. 
